INTRODUCTION
In [4] Khovanov studies a class of complexes of bimodules, known as Soergel bimodules, over a polynomial algebra R in variables x 1 , . . . , x r . These complexes are indexed on elements of the braid group on r-strands, and are defined if one is given a presentation of a braid word as a product of elementary braids and their inverses (see below). It is shown in [4] that the Hochschild homology of the bimodules in this complex, with coefficients in the bimodule R, is an invariant of the link given by closing the braid, and is closely related to link homology. These results mentioned above assume characteristic zero. In this note, we will extend most of this structure to arbitrary characteristic. There is however a small subtlety at the prime two, indicated in remarks 2.1, 3.1. Unless otherwise stated, all cohomology is with integer coefficients.
Another goal we wish to achieve in this note is to endow Soergel bimodules with an action of the Landweber-Novikov algebra. This algebra is an algebra of cohomology operations in complex cobordism theory. It contains an important sub-algebra which can be seen as an integral form of the universal enveloping algebra of the Lie algebra generated by positive Virasoro operators L n , for n ≥ 0. In this note we use topological constructions to describe integral forms of Soergel bimodules. We then proceed to describe a natural action of the above mentioned sub-algebra on this category of Soergel bimodules, and in particular, on their Hochschild homology. This is part of a larger project on the action of cohomology operations on link homology. We were directly influenced by [6] , and the author is indebted to M. Khovanov and L. Rozansky for their interest. The author would also like to thank Jack Morava for sharing his insights on the structure of the Landweber Novikov algebra.
We begin by describing our results in the form of four observations:
The first observation:
The first point to observe is that all algebraic constructions made in [4] can be enriched in the category of topological spaces. Furthermore, these spaces have torsion free (singular) cohomology that is evenly graded. More precisely, given a braid word written in the form σ = σ
, with ǫ i = {−1, 1}, consider the following constructions of the complex F (σ) of Soergel bimodules in terms of two-term complexes F (σ ǫ i i ) defined in [4] :
We observe that the terms of the complex F (σ) are free R-modules which can in fact be defined over the ground ring Z, and can be canonically identified with the cohomology of a complex F (σ) of topological spaces (up to degree shifts induced by vector bundles). Under this identification, R corresponds to the cohomology of the space BT , where T is a torus of finite rank r, with classifying space denoted by BT . We will also show that the complex F (σ) depends only on the underlying braid group element and not on the presentation (see theorem 7.4). In addition, this independence of presentation is achieved by a zig-zag of maps induced by the Bott-Samelson resolutions.
One can find other enrichments of the category of Soergel bimodules in various topological categories (see [11] ). The value of our enrichment however is best demonstrated in the following observations.
The second observation:
The second observation one would like to make is that there is a filtration of the spaces in the complex F (σ) mentioned above, so that the induced associated graded algebra of the complex cobordism of these spaces can be canonically identified with the singular cohomology ring of these spaces. In particular, the Landweber Novikov algebra, which is the ring of cohomology operations for complex cobordism, acts naturally on the singular cohomology (with coefficients in the cobordism ring) of the spaces in F (σ) in a graded fashion. This algebra of operations contains a sub-algebra, we shall denote by U(Z) which is an integral form of the algebra of differential operators on the formal line A. In particular, its rational form U(Q) is the universal enveloping algebra on the Witt algebra generated by the positive Virasoro operators L n = x n+1 d dx for n ≥ 0. The sub algebra U(Z) will be shown to preserve cohomology with integer coefficients.
The third observation:
The third and most interesting observation we make is that the Koszul resolution that computes the Hochschild homology of the form:
admits an action of a sub algebra (denoted byÛ (Z)) of a super version of the LandweberNovikov algebra introduced above. The sub algebraÛ (Z) is an integral form of the algebra of differential operators on the (odd) tangent bundle of the formal line TA. In particular, its rational formÛ(Q) is the universal enveloping algebra of the Witt algebra generated by the Virasoro operators L n (for n ≥ 0), and certain odd differentials G n such that G 0 is the Koszul differential. The commutation relations are given by a super-Witt algebra:
From these relations, one notices that the operators L m do not commute with the differentials G n . However, one may twist these operators to obtain another family of operators L n that do indeed commute with the differential G 0 . Unfortunately, the operators G m are trivial up to homotopy, and so we are left with the following relations up to homotopy with respect to the differential G 0 :
One therefore obtains an induced (twisted) action of U(Z) on the Hochschild homology HH * (F (σ), R). In particular, one may reduce mod-p to get a twisted action of the F pform U(F p ) on the Hochschild homology with coefficients in the field F p . The algebras U(F p ), and their super versionsÛ(Z) admit a lot of structure. A particularly interesting sub algebra of U(F p ) is described in the following observation:
The final observation:
The final observation is that for any odd prime p, the mod-p Steenrod algebra A is a canonical sub-algebra of the F p formÛ(F p ), and in particular one gets an action of the Steenrod algebra on the Hochschild complex of F (σ) over the field F p . Similarly, U(F p ) contains the sub algebra of the Steenrod algebra generated by the reduced p-th powers P i . Therefore, a twist of the reduced powers in the Steenrod algebra act on Hochschild homology of F (σ). Let T ⊂ G be the maximal torus. Since G is of adjoint type, we use the simple roots to identify T with a rank r-torus: (S 1 ) ×r . Let EG denote the free contractible G-complex that serves as the universal principal G-bundle. Notice that the space EG serves as a model of ET and also of EG i . We define the space F (σ i ) as the top left corner in the pullback diagram below, where the map ρ is induced by the right action of G i on EG, and the map π is induced by the collapse:
TOPOLOGICAL ENRICHMENT OF SOERGEL MODULES
G i /T −→ pt : EG × T (G i /T ) π ρ / / EG/T j EG/T j / / EG/G i .
Claim 2.2. In integral cohomology, we have the isomorphism of bimodules:
Proof. The calculation of the cohomology of F (σ i ) is a consequence of the EilenbergMoore spectral sequence [10] that collapses to the above tensor product due to the fact that H * (BT ) is a free module over H * (BG i ). The freeness of H * (F (σ i )) can be verified directly, or by using the fact that the Serre spectral sequence of the fibration given by the map π collapses (due to dimensional reasons). Now, given a sequence
Then we have a family pullback diagrams:
where ρ s−1 is induced by the multiplication map on the first (s − 1) factors:
By an induction argument using the above pullback, we easily see that: 
Now observe that the fibration π supports two canonical sections s(0) and s(∞) corresponding to the T -fixed points of G i /T given by [T ] and [σ i T ] respectively. The pullback of the map ρ along s(0) is the identity map on BT . On the other hand, the pullback of the map ρ along s(∞) is the aumorphisms of BT induced by σ i . Now if we collapse the section s(∞) to a point, we obtain the Thom space BT α i for the line bundle L(α i ) over BT corresponding to the positive root α i .
Claim 2.4. Consider two topological maps given respectively by taking the topological quotient by the section s(∞)
, and by including the section s(0):
Then, these induce maps of bimodules over H * (BT ):
Proof. The only thing that is not obvious is the induced H * (BT ) bimodule structure oñ H * (BT α i ). Now, by restricting along the sections s(0) and s(∞) one can easily verify that the image of the Thom class in H * (F (σ i )) is given by th(
Here we have identified a character with its first Chern class. This class is in fact an integral class (as it restricts to an integral class on the base and fiber of π). Now by symmetry, th(α i ) satisfies the required property.
−ζ i denote the Thom spectrum of the (formal virtual) bundle defined by the equality
is the line bundle corresponding to the character α i . This formal spectrum is well defined away from the prime two (see remark 3.1 below). Hence, we may desuspend rb i to a two-term complex: [9] , and differ from the ones in [4] .
THE ATIYAH-HIRZEBRUCH FILTRATION
Now we describe a natural filtration of the ring: MU * (F (σ J )), where MU denotes complex cobordism theory with coefficient ring Ω. The corresponding associated graded ring (defined as a direct sum of associated quotients) is isomorphic to
The construction of this filtration and the isomorphism is a standard fact invoked in the construction of the Atiyah-Hirzebruch spectral sequence [1] . If one has a space (or spectrum) with the homotopy type of a CW complex of finite type, then the above filtration is given by the kernels of the restriction maps of the CW sub-skeleta. If the space in question is one with cells in even degrees (like our spaces F (σ J ) or Thom spectra of complex vector bundles over such), its singular cohomology is torsion free and the spectral sequence collapses to yield a ring-isomorphism between singular cohomology with coefficients, and the associated graded object of the filtration.
From the above observation we notice that cohomology operations of complex cobordism acts on the rings of the form H * (F (σ J )) ⊗ Ω. These cohomology operations are known as the Landweber-Novikov algebra [1] (see the next section for details). This algebra is graded, and this grading is compatible with the action on the graded ring
The Landweber-Novikov algebra has a natural topology with respect to which it is complete. Topologically, it is generated by scalar multiplication operators Ω, and an important sub-algebra L which is an integral form of the universal enveloping algebra of the Witt algebra of positive Virasoro operators L n for n ≥ 0 [12] . It is important to bear in mind that the scalar multiplication operators Ω are not central in the Landweber-Novikov algebra. In fact, the twisting given by the action of L n on Ω can be described via the Bosonic-Fock representation of the Virasoro algebra [7] . The sub-algebra L is the algebra we called U(Z) in the introduction. By the naturally of cohomology operations, we see that L preserves the subring H * (F (σ J )) (see remark 3.1 below for details). 
Recall that
is an integral class. It follows from elementary arithmetic that the operators L n preserve integral cohomology. However, more general elements in L may introduce denominators given by powers of two (see [12] for explicit formulas). 
THE (SUPER) LANDWEBER-NOVIKOV ALGEBRA
Before we discuss the super case, let us describe the usual Landweber-Novikov algebra in terms that is useful to us.
We define the algebra
. .] as the commutative Hopf algebra of functions on the group S of invertible formal power series under composition (i.e. formal diffeomorphisms of the affine line). Therefore, the R-valued points of S are given by:
where s i is the co-ordinate function of X i+1 . Let A = Ω denote the cobordism ring. By results of Quillen, the ungraded ring underlying A is isomorphic to the Lazard ring that represents the one dimensional formal group laws. Define Γ := A ⊗ O(S). Then the pair (A, Γ) is the Hopf algebroid that represents the groupoid of one dimensional formal group laws. This can be interpreted as saying that the pair (Spec(A), Spec(Γ)) is a groupoid. This is none other than the groupoid of formal group laws, and as such it is isomorphic to the co-operations in cobordism MU * MU 1 .
The groupoid (Spec(A), Spec(Γ)) acts on the universal formal group G, as described by the diagram:
where η R represents the "target" map on the morphisms Spec(Γ). Taking functions: 
Using the above formula, it follows that elements of L given by (s I ) * act trivially on X unless the multi-index I has the property I k = 1. The corresponding primitive classes s * m := L m form a Lie sub-algebra of L. Their action on O(G) is described as:
This implies that one has a map from the universal enveloping algebra of the positive
An easy dimensional count shows that ζ is a rational isomorphism. It follows that L is an integral form of the algebra of differential operators on the formal line that can be explicitly described [12] .
The functions Z[X] on the affine line should be thought of as the cohomology of CP ∞ in the context of cohomology operations. Similarly, the ideal generated by X in this ring should be considered as the cohomology of the Thom space of the universal line bundle γ over CP ∞ , which we denote by CP γ . The action of L on the Thom class is given by a generating function:
Taking the (external) sum of the universal bundles γ = γ 1 ⊞ γ 2 over the product of two infinite complex projective spaces CP ∞ × CP ∞ , one obtains a formula for the action of the algebra L on the cohomology of the Thom space of an external sum:
Of course, one may extend the above formula to arbitrary external sums. Taking pullback along a suitable diagonal, one gets a Cartan formula for a k fold Whitney sum of γ:
Now consider the following formal expression:
Using the invertibility of s 0 , one sees that the above expression is well defined and belongs to the ring Z[ is given by the formal generating function:
The super algebra:
We would now like to extend the above structure to describe a super algebraL that acts on the functions on the (odd) tangent bundle of the affine line TA given by the Z[X]-module: Z[X, ǫ]/ǫ 2 . Proceeding as before, this algebra is the continuous Z dual of the algebra:
. .], defined as the super-commutative Hopf algebra of functions on the super-groupŜ of invertible formal power series under composition that yield formal diffeomorphisms of the odd tangent bundle of the affine line. The R-points ofŜ are given by composable power series of the type:
where θ is the odd variable in the tangent direction, and t i and s i are the co-ordinate functions on the coefficients of θX i+1 and X i+1 respectively. Therefore, the co-action of
2 is induced by:
As before, it follows from the co-action above that elements ofL given by the dual monomials (s I ) * := (s 
The following commutation relations can now be verified:
Corollary 4.2. The super algebra described above:Û (Z) :=L acts externally (see remark 4.3 below) on the homological Hochschild (bi) complex: CHH(H
* (F (σ)), H * (BT )) with G 0 being the Koszul differential.
Remark 4.3. Notice that the action ofÛ (Z) described above does not commute with the Koszul differential. However, it does indeed commute with the external differential induced by the maps of topological spaces that define F (σ). We call such an action an external action. To simplify matters, we shall callL the (super) Landweber-Novikov algebra, even though strictly speaking it is only a sub algebra of the usual Landweber-Novikov algebra.

Remark 4.4. In the example of the super Landweber-Novikov algebra discussed above, the super functions on the formal line can be interpreted as elements in the cohomology of the free loop space of CP
∞ : LCP ∞ .
RELATION TO THE MOD-p STEENROD ALGEBRA
Let us assume in this section that F = F p is the primary field of characteristic p, for an odd prime p (see remark 5.2 for p = 2). Let A denote the mod-p Steenrod algebra. In analogy with the super Landweber-Novikov algebra described above, the dual Steenrod algebra can be expressed as:
where O Aut(T G a ) denotes the commutative Hopf algebra of functions on the group of automorphisms of the odd tangent bundle of the additive formal group G a (see [3] 
section 4).
We may explicitly describe the Hopf-algebra of functions as the (super) commutative ring:
with τ i , ξ i being the coordinate functions given by the coefficient of θX p i and X p i respectively, on the affine group scheme Aut(T G a ) over F. The R-points of Aut(T G a ) are given by the group formal power series (under composition):
In particular, we have an injective group homomorphism between the group Aut(T G a ) and the formal automorphisms of the tangent bundle of the affine line described in the previous section:
Taking functions and dualizing, we see that the Steenrod algebra is a sub algebra of the Landweber-Novikov algebraL ⊗ F.
Corollary 5.1. For an odd prime p, the Steenrod algebra A acts externally (see remark 4.3) on the mod-p homological Hochschild (bi) complex:
with the Bockstein homomorphism β ∈ A 1 being the Koszul differential. 
Remark 5.2. For p = 2, the dual Steenrod algebra can be identified with functions on
This is clearly sub complex of the complex that resolves Z as a Z[X, Y ] bimodule:
In particular, the algebraÛ(Z) acts on C by restriction of its action on D. Now let us define symmetric polynomials π k by (see [6] page 18):
Then one may use these functions to deform the action of the super groupŜ on Z[X, Y ] defined in section 4, to obtain a new action ofŜ uniquely defined by:
In particular, we get the expressions for the super Lie algebra generators:
Let us define operators λ m and λ m,n as:
It is not hard to verify the following equalities:
It follows that the operators G m are trivial up to homotopy, and the operatorsL k commute with the differential G 0 , and satisfy the required commutation relations.
One may now extend the above twist in the obvious fashion to the Koszul resolution of
It is easy to see that the operatorsL k as well as the relations above, extend to the Hochschild chain complex obtained by tensoring the above Koszul resolution with any Soergel bimodule. By the commutation relations above, one recovers an integral lift of the twisted action of the Witt algebra U(Q) on the Hochschild homology of Soergel bimodules that was shown to exist in [6] :
. One has a twisted action of U(Z) on the homological Hochschild (bi) complex: CHH(H
* (F (σ)), H * (BT )) that descends to an action on HH * (H * (F (σ)), H * (BT )).
Reducing mod p, for any odd prime p, one obtains a (twisted) action of the reduced Steenrod powers
P i on the (bi) complex CHH(H * (F (σ), F p ), H * (BT, F p )) that
descends to an action on the complex of mod-p Hochschild homologies of Soergel bimodules: HH
* (H * (F (σ), F p ), H * (BT, F p )).
INDEPENDENCE OF PRESENTATION: THE BRAID RELATION AND BOTT-SAMELSON
RESOLUTIONS
So far we have worked with a fixed presentation of a braid word:σ = σ
. One would like to know how much of the structure developed in the previous sections remains preserved if we change the presentation. In [6] the authors show that in characteristic zero, the twisted action of U(Q) on the homology of the complex HH * (F (σ, Q), H * (BT, Q)) is independent of presentation (it is in fact, a link invariant!). In this section, we will establish independence of presentation using topological arguments, so that the action of the Landweber-Novikov algebra is preserved. We begin with:
Let i, j be two elements in the set indexing the fundamental reflections in the Weyl group. Let us adopt the convention from [9] of denoting a general element of the set {i, j} by the letter ν, and the complement element by the letter −ν. Consider a braid relation of the form:
For n ≤ m ij < ∞, we will denote byσ(ν, n) the abstract braid word:
Let F (ν, n) denote the complex of bi-modules corresponding toσ(ν, n). Recall that they consist of terms of the form H * (F (σ)) for sub-wordsσ (see 2.5).
In this section, we will use topological arguments to establish canonical zig-zag of equivalences between F (ν, m ij ) and F (−ν, m ij ). Consequently, we will establish a topologically induced equivalence between the complexes F (σ) corresponding to any two presentations of the same braid group element (see theorem 7.4 for a precise statement).
We begin by invoking some standard facts about the topology of flag varieties for KacMoody groups. A standard reference for these results is [8] . Let P ⊂ G denote the rank two parabolic corresponding to the reflections σ ν and σ −ν . Let G ±ν denote the rank one parabolics corresponding to the individual reflections σ ±ν . By X(ν, n) ⊆ P/T we shall mean the Schubert variety given by the closure of all Shubert cells corresponding to elements w in the Weyl group so that w has a presentation given by a sub-word ofσ(ν, n).
The space X(ν, n) is known to be a CW complex of dimension 2n, with T -invariant cells in even degree. For k < n, the 2k-skeleton of X(ν, n) is given by the union X(ν, k)∪X(−ν, k).
We will use the notation X (ν, n) to denote the spaces EG × T X(ν, n).
The left H * (BT )-module H * (EG × T (P/T )) supports a Schubert basis denoted by δ ν,n indexed by elementsσ(ν, n) for n ≤ m ij . We set δ ν,1 = δ ν . By definition, the Schubert basis pairs diagonally with the generators of H 2k (X (ν, k)) (see [8] Ch. 9, §11). We will denote the restrictions of the Schubert basis to sub-skeleta by the same name. 
are defined by cellular restrictions with appropriate signs as:
Remark 7.2.
Since all boundary maps in degree bigger than −n are surjective, it is easy to see that the homology of the complex X • (ν, n) is a free rank one left (or right) H * (BT )-module in degree −n, generated by the schubert cell δ ν,n . Notice also that the braid relation implies that there is a canonical isomorphism:
Consider the map induced by multiplication in P , known as the Bott-Samelson resolution:
Claim 7.3. The map BS(ν, n) induces a map of complexes of bimodules:
Proof. We shall construct the required map BS • (ν, n) by induction, starting with a map:
Topologically, the map µ • will be realized inside a pair of pullback diagrams:
where µ is induced by group multiplication in P , and factors the Bott-Samelson resolution. The spaceX(ν, n) is the subspace of P given by the pre image of X(ν, n) ⊆ P/T . The spaceỸ (ν, n) is similarly defined by as the pre image of Y (ν, n) ⊆ P/G ν , with Y (ν, n) being the Shubert variety in P/G ν given by the image of of X(ν, n). The map κ above is given by the restriction of π ν to the subspace X (−ν, n − 1) ⊂ X (ν, n).
Let X (±ν, n − 1, ν) denote the space EG × T (X(±ν, n − 1) × T G ν /T ). Using the EilenbergMoore spectral sequence, as in corollary 2.3, we see that:
Under the above identification, we extend the map µ * to µ • on the level of complexes:
For an element β ∈ H * (X (−ν, k)) ⊂ X −k (ν, n), we define:
where we have also used the letter µ to denote the (degenerate) Bott-Samelson map:
It is straightforward (albeit tedious) to check that µ • commutes with the differential. 
In particular, the quasi-isomorphism type of F (σ) is always independent of presentation.
Proof. Let us first prove that the Bott-Samelson map is always a quasi-isomorphism. Recall from 7.2 that the homology of X • (−ν, n−1) is concentrated in degree 1−n, and is generated by the Schubert class δ −ν,n−1 . Each step in the inductive construction of BS • (ν, n) is easily seen to preserve the homology generator, and is therefore a quasi-isomorphism. This inductive construction also shows that the cokernel of BS • (ν, n) is a complex of bimodules that has trivial homology, and is free as a complex of left (or right) H * (BT )-modules. Hence, tensoring the map BS • (ν, n) on the left by a complex of the form F (σ ′ ) and on the right by another complex of the form F (σ ′′ ) preserves the fact that it is a quasiisomorphism. Consequently, replacing F (ν, m ij ) with F (−ν, m ij ) in a presentation for F (σ) preserves the quasi-isomorphism type. Now assume that all primes p ≤ a ij a ji have been inverted, then we will show in the appendix that one may split off trivial summands from F (ν, n) in the same was as done in [9] (proof of proposition 9.2). In particular, one obtains a retraction from F (ν, n) onto the image of BS • (ν, n). This establishes the homotopy equivalence of the Bott-Samelson map away from the primes p ≤ a ij a ji , where A = (a ij ) is the Cartan matrix of G.
INDEPENDENCE OF PRESENTATION: THE
i ) is represented by the following complex in degrees (−1, 0, 1), with maps induced by the generating maps 2.5:
Now Rouquier shows in [9] that this complex is (abstractly) homotopy equivalent to the complex of bimodules with a single non-zero term H * (BT ) placed in degree zero. In particular, the complex above is homotopy equivalent to its homology as a bimodule. This homology is straightforward to compute:
where th(α i ) is the image in cohomology of the Thom class of the bundle obtained by collapsing the section s(∞) in F (σ i ) (see claim 2.4). Similarly, δ i is the Schubert basis element corresponding to σ i , which can be identified with the image of the Thom class of the bundle obtained by collapsing the section s(0). One may write δ i explicitly as 1 2 (ρ * (α i ) − π * (α i )). In this H * (BT )-bimodule, the left and right actions agree, and the generator is given by the class δ i ⊗ Th(−ζ i ). It is straightforward to verify using 3.1 that the action of the operators L n fixes this generator and hence the isomorphism between H * (C) and H * (BT ) preserves the action of the algebra L.
Remark 8.1. A similar argument to the one given above establishes the opposite isomorphism
We leave it to the reader to formulate it.
APPENDIX
In this appendix we describe a topological analog of the fundamental lemma of Rouquier [9] (Lemma 9.1). Let A = (a ij ) be the Cartan matrix of G. We will deduce, based on these results, that the Bott-Samelson map BS • (ν, n) is a homotopy equivalence away from all primes p ≤ a ij a ji and n ≤ m ij . We begin by assuming the conventions of section 7, and we let k be any integer such that 0 ≤ k < m ij − 1.
Lemma 9.1. There exist topologically induced decompositions of chain complexes of bimodules:
(A) The complex obtained by tensoring F (σ ν ) with H * (X (ν, k)) is isomorphic to a sum of the following two complexes:
where H * (X (ν, k))⊗δ ν is the ideal in H * (X (ν, k))⊗ H * (BT ) H * (F (σ ν )) generated by the Schubert basis element δ ν . It is easy to see that this ideal is a sub-(bi)module.
(B) Also consider the chain complex induced by tensoring the restriction map with H * (F (σ ν )):
C : H * (X (−ν, k + 1)) ⊗ H * (BT ) H * (F (σ ν )) −→ H * (X (ν, k)) ⊗ H * (BT ) H * (F (σ ν )).
Then the Bott-Samelson maps µ * induces a short exact sequence of chain complexes of bimodules:
where the kernel is the complex given by cellular restriction, and the cokernel is the trivial complex given by the identity map.
